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Abstract. - We present a simple and general approach to formulate the lattice BGK model for
high speed compressible flows. The main point consists of two parts: an appropriate discrete
equilibrium distribution function (DEDF) feq and a discrete velocity model with flexible velocity
size. The DEDF is obtained by feq = C−1M, where M is a set of moment of the Maxwellian
distribution function, and C is the matrix connecting the DEDF and the moments. The numerical
components of C are determined by the discrete velocity model. The calculation of C−1 is based
on the analytic solution which is a function of the parameter controlling the sizes of discrete
velocity. The choosing of discrete velocity model has a high flexibility. The specific heat ratio of
the system can be flexible. The approach works for the one-, two- and three-dimensional model
constructions. As an example, we compose a new lattice BGK kinetic model which works not
only for recovering the Navier-Stokes equations in the continuum limit but also for measuring the
departure of system from its thermodynamic equilibrium. Via adjusting the sizes of the discrete
velocities the stably simulated Mach number can be significantly increased up to 30 or even higher.
The model is verified and validated by well-known benchmark tests. Some macroscopic behaviors
of the system due to deviating from thermodynamic equilibrium around the shock wave interfaces
are shown.
Introduction. – Compressible flows with high Mach
numbers (HMNs) are ubiquitous in many application
fields, ranging from engineering to earth science and even
daily life, such as hydraulic mining, high-pressure water jet
cleaning, dynamics of inertial confinement fusion capsule
[1], turbulent dynamics in the Solar convection zone [2],
explosive volcanism [3], explosion physics and aerospace
engineering, etc. However, due to the complex nature and
inherent nonlinearities of the HMN flows, theoretical solu-
tions and experimental approaches encounter serious dif-
ficulties, and subsequently, the simulation of compressible
flows has become a key tool in both fundamental and ap-
plied research.
The essential characteristic of compressible flows is that,
with the increase of Mach number, the compressibility of
flows are more pronounced and the out-of-equilibrium ef-
(a)Corresponding author. E-mail: Xu Aiguo@iapcm.ac.cn
fects become significant, even dominant. Therefore, how
to exactly describe and capture the nonequilibrium ef-
fects is the key issue of physical modeling. For model-
ing such a system, as a multiscale approach, the lattice
Boltzmann (LB) method [4–6], which contains system in-
formation beyond one level of description [7], has more in-
trinsic merits than the traditional hydrodynamic descrip-
tions. The compelling reasons are as below. Firstly, the
LB method is based on the Boltzmann equation which is
one of the most fundamental equations in nonequilibrium
statistical physics [8]. It naturally inherits the intrinsic
characteristics of the latter. Chapman-Enskog analysis
demonstrates that the theoretical framework of LB is self-
adaptive for describing complex systems where the devia-
tions from equilibrium are spatially and temporally vary-
ing. This is a dominating reason why so many researchers
appreciate LB. Secondly, recent studies indicate that the
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LB method provides us with an effective way to quantita-
tively and real-timely study the departure of the system
from its thermodynamic equilibrium [9], so it can present
helpful information on how to improve the physics model-
ing from the macroscopic level. Meanwhile, its superiority
is also owed to its linear convection term, easy implemen-
tation of boundary conditions, simple programming and
high efficiency in parallel computing, etc.
In fact, given the great importance of high speed com-
pressible flows in the aforementioned fields, constructing
LB models for this area has been attempted since the early
days of LB research, which yields the following five ap-
proaches, i.e., the adaptive approach by Sun et al. [10], the
circular function approach by Qu, et al. [11], the double-
distribution-function (DDF) approach by Li, et al. [12],
the additional viscosity single-relaxation-time (AD SRT)
approach [13,14] and the multiple-relaxation-time (MRT)
approach [15,16] by our group. In the adaptive approach,
particle velocities can vary with the Mach number and
internal energy, and the Maxwellian distribution function
(MDF) is replaced by the Kronecker function. In Qu’s ap-
proach, a simple circular function that satisfies all needed
statistical relations to recover the Euler equations is in-
troduced to replace the conventional MDF. In the DDF
approach, two distribution functions are utilized: one for
the density and velocity fields, and the other for temper-
ature field. The two distribution functions are coupled
with each other via the equation of state. Those methods
successfully recover the target hydrodynamic equations in
the continuum limit and can be used to study the cor-
responding macroscopic flow behaviors. In the AD SRT
method, the introducing of additional viscosity follows the
methodology of traditional computational schemes. But
to investigate the thermodynamic nonequilibrium effects,
we have to resort on models where more kinetic processes
are reasonably described. At this side, constructing MRT
model is an interesting methodology.
Due to theoretical simplicity and computational effi-
ciency, how to simulate high speed compressible flows un-
der the lattice BGK framework without introducing ex-
plicit additional dissipation is still a meaningful task. For
such LB models, the construction of appropriate DEDF is
of primary importance. To this end, we suggest to calcu-
late the DEDF via feq = C−1M, where M is the set of
moment satisfied by the MDF, and C is the matrix con-
necting the DEDF and the moments. The lattice BGK
model with such a DEDF not only recovers the Navier-
Stokes equations (NSEs) in the hydrodynamic limit, but
also presents deeper insight into the actual kinetic pro-
cesses which are beyond the NS description.
Formulation of the discrete equilibrium distribu-
tion function. – How to correctly formulate the DEDF
feq is the foremost essence of the LB method, because
feq decides the way and direction the system evolves to.
Here we present a simple and general method to construct
DEDF. This approach is based on the following facts. The
kinetic moments that the local DEDF satisfies are bridges
and links between the mesoscopic LB method and the hy-
drodynamic descriptions at the macroscopic level, which
ensure the correct recovery of the macroscopic equations in
the continuum limit. Specifically, Chapman-Enskog mul-
tiscale expansion indicates that, in order to recover the
NSEs with flexible specific-heat ratio from the LB scheme,
feq should satisfy the following seven kinetic moments [17],
ρ =
∑N
i=1
feqi , (1)
ρuα =
∑N
i=1
feqi viα, (2)
ρ
(
bT + u2α
)
=
∑N
i=1
feqi
(
v2iα + η
2
i
)
, (3)
Pδαβ + ρuαuβ =
∑N
i=1
feqi viαviβ , (4)
ρ
[
(b+ 2)T + u2β
]
uα =
∑N
i=1
feqi
(
v2iβ + η
2
i
)
viα, (5)
ρ [T (uαδβχ + uβδαχ + uχδαβ) + uαuβuχ]
=
∑N
i=1
feqi viαviβviχ, (6)
ρ (b+ 2)T 2δαβ +
[
(b+ 4)uαuβ + u
2
χδαβ
]
ρT
+ρuαuβu
2
χ =
∑N
i=1
feqi
(
v2iχ + η
2
i
)
viαviβ , (7)
where ρ, T , P (= ρT ), and u are, respectively, the density,
temperature, pressure and velocity. vi is a DVM used
to discrete the velocity space. Besides the translational
degrees of freedom, ηi is a free parameter introducing to
describe the (b−2) extra degrees of freedom corresponding
to molecular rotation and/or vibration. Here ηi = η0 for
i = 1, · · · , 4, and ηi = 0 for i = 5, · · · , N , N is the number
of discrete velocities. Subsequently, the specific-heat ratio
can be defined as γ = (b + 2)/b.
To recover the complete NSEs and obtain a higher
computational efficiency, we choose the following two-
dimensional DVM which only has sixteen discrete veloci-
ties (see fig. 1),
(vix, viy) =


cyc : c(±1, 0), for 1 ≤ i ≤ 4,√
2c(±1,±1), for 5 ≤ i ≤ 8,
cyc : 2c(±1, 0), for 9 ≤ i ≤ 12,
2
√
2c(±1,±1), for 13 ≤ i ≤ 16,
where cyc indicates the cyclic permutation. The
Chapman-Enskog analysis shows that if feq satisfies the
seven statistical relations in eqs. (1-7), then the LB equa-
tion can recover the NSEs as in ref. [17] by using the above
DVM.
Actually, eqs. (1-7) can be written in a matrix form,
i.e.,
C× f eq =M, (8)
where the bold-face symbols denote N-dimensional col-
umn vectors. Here feq = (feq1 , f
eq
2 , · · · , feqN )T , M =
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Fig. 1: Schematic of the discrete-velocity model.
(M1,M2, · · · ,MN)T , is the set of moment relations sat-
isfied by the MDF. C = (C1, C2, · · · , CN )T , Ci =
(ci1, ci2, · · · , ciN ), and Ci = (1, vix, viy, v2ix + v2iy +
η2i , vixviy , v
2
ix, v
2
iy , vix(v
2
ix + v
2
iy + η
2
i ), viy(v
2
ix + v
2
iy + η
2
i ),
v3ix, v
3
iy , v
2
ixviy , vixv
2
iy , vixviy(v
2
ix + v
2
iy + η
2
i ), v
2
ix(v
2
ix + v
2
iy +
η2i ), v
2
iy(v
2
ix + v
2
iy + η
2
i )). Correspondingly, according to
the seven moments, we have M1 = ρ, M2 = ρux,
M3 = ρuy, M4 = ρ(bT + u
2
x + u
2
y), M5 = ρuxuy,
M6 = ρu
2
x+P ,M7 = ρu
2
y+P ,M8 = ρux[(b+2)T+u
2
x+u
2
y],
M9 = ρuy[(b + 2)T + u
2
x + u
2
y], M10 = ρux(3T + u
2
x),
M11 = ρuy(3T + u
2
y), M12 = ρuy(T + u
2
x), M13 =
ρux(T + u
2
y), M14 = (b + 4)ρTuxuy + ρuxuy(u
2
x + u
2
y),
M15 = (b+2)ρT
2+[(b+4)u2x+u
2
x+u
2
y]ρT +ρu
2
x(u
2
x+u
2
y),
M16 = (b+2)ρT
2+[(b+4)u2y+u
2
x+u
2
y]ρT +ρu
2
y(u
2
x+u
2
y).
As a result, feq can be calculated from the following
way,
feq = C−1M, (9)
where C−1 is the inverse matrix of C, as shown in the
Appendix. Then the system evolves according to the fol-
lowing LB equation:
∂fi
∂t
+ viα
∂fi
∂rα
= − 1
τ
[fi −C−1M]. (10)
The approach we presented here has the following ad-
vantages over the existing ones. Compared to the SRT
approach [9,13,14,17] where feq is conveniently expanded
in terms of macroscopic quantities by only keeping the first
relevant orders, this way is more simple and convenient,
since it needs not to solve the complex kinetic moments
to give the specific formulations of feq . Compared to the
MRT approach [15, 16], the physical modeling process is
more natural and straightforward, since the constructions
of the transformation matrix and corresponding distribu-
tion function in the kinetic moment space are direct. Fur-
thermore, this scheme has better generalization, since it
works for all the one-, two- and three-dimensional model
constructions and the choosing of DVM has a high degree
of flexibility which results in higher efficiency and better
stability of this approach. In the present model c and
η0 are two free parameters. von Neumann stability analy-
sis [13] and numerical experiments demonstrate that these
two parameters have great effects on the stability of the LB
model. So they should be varied with the specific problem
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Fig. 2: Comparisons between LB results and the exact solutions
for the collision of two strong shocks, where t = 0.08 and γ =
1.4.
we studied. Fortunately, we find that in real simulations if
c approaches half of the maximum velocity of the system
umax and η0 is equal to or larger than bc, the simulations
are generally stable.
Numerical Simulations and Analysis. – In this
section, several typical benchmarks are carried out to val-
idate the newly proposed model, including the one- and
two-dimensional (1D and 2D) Riemann problems (RPs).
In order to improve the numerical stability, accuracy and
efficiency, the third-order implicit-explicit Runge-Kutta fi-
nite difference scheme [12] is utilized to discrete the tempo-
ral derivative. The nonoscillatory and nonfree-parameter
dissipation (NND) scheme [18] is adopted to discrete the
spatial derivative and to capture the discontinuities in
compressible flows.
a) 1D RP: Collision of two strong shocks.
The initial conditions for this test are
{
(ρ, T, ux, uy)|L = (5.99924, 76.8254, 19.5975, 0.0),
(ρ, T, ux, uy)|R = (5.99242, 7.69222,−6.19633, 0.0),
where subscripts “L” and “R” indicate the left and right
macroscopic variables of discontinuity. This is generally
regarded as a difficult test. Exact solution contains a left-
shock propagating rightward, a rightward contact discon-
tinuity, and a right-shock that moves to the right side.
Furthermore, the left-shock spreads to the right side very
slowly, which brings additional difficulties to the numer-
ical method. Figure 2 shows comparisons between the
present LB results and the exact solutions for this test,
where t = 0.08 and γ = 1.4. Parameters used here are
∆x = ∆y = 3×10−3, ∆t = 10−4, τ = 4×10−5, c = 8.7 and
η0 = 45. The periodic boundary conditions are adopted
in the y-direction. In the x-direction, we set the system at
the boundaries keeps at their corresponding equilibrium
states, i.e., fi = f
eq
i . So the macroscopic quantities on the
boundary nodes keep their initial values. The two sets of
results have a satisfying agreement. The shock wave and
p-3
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Fig. 3: Comparisons between LB results and the exact solutions
for Colella’s explosion wave test, where t = 0.018 and γ = 2.
contact discontinuities are captured well, demonstrating
the high accuracy and robustness of the new model. Nev-
ertheless, we find that the unphysical oscillations at the
discontinuities are effectively eliminated and the numeri-
cal dissipations are severely curtailed in the present model
than that in the MRT model [15]. This indicates that the
problematic “wall-heating” phenomenon is much weaker.
Moreover, the time step ∆t in the present model is much
larger than that in ref. [15], so the present model owns a
higher computational efficiency for this test.
b) 1D RP: Colella’s explosion wave problem.
For this problem considered, the initial conditions are
{
(ρ, T, ux, uy)|L = (1.0, 1000.0, 0.0, 0.0),
(ρ, T, ux, uy)|R = (1.0, 0.01, 0.0, 0.0),
This is also a difficult and challenging test that commonly
used to examine the robustness and precision of numeri-
cal methods. The exact solution contains a leftward rar-
efaction wave, a contact discontinuity and a strong shock.
Figure 3 presents comparisons of the present model and
theoretical results at t = 0.018. Here ∆x = ∆y = 2×10−3,
∆t = 10−5, c = 20 and η0 = 300. Successful simulation
of this test manifests that the present model is applicable
to flows with very high ratios of temperature and pressure
(up to 105).
c) 1D RP: super-HMN shock problem
To further test the adaptability of the model for HMN
problem, we employe the super-HMN shock tube (The
highest Mach number in the system is Ma = u/
√
γT =
267.26.) proposed in ref. [14]. The initial conditions are
described by
{
(ρ, T, ux, uy)|L = (100.0, 0.001, 10.0, 0.0),
(ρ, T, ux, uy)|R = (150.0, 50.0, 0.0, 0.0),
Comparisons between the present model, the AD SRT
model in ref. [14], and the exact solutions at t = 0.4 are
plotted in fig. 4. Parameters for this test are ∆x = ∆y =
8 × 10−3, ∆t = 10−4, τ = 2 × 10−5, c = 7 and η0 = 300.
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Fig. 4: Comparisons between the present LB results, the AD
SRT results, and the exact solutions for the super-HMN shock
problem, where t = 0.4 and γ = 1.4.
Parameters for the AD SRT model are identical to that
used in the original publication. It is clear that, simula-
tion results obtained from the present model agree well
with the exact ones, but the AD SRT model cannot ac-
curately capture the position of the shock wave. Addi-
tionally, there exist some spurious numerical oscillations
near the sharp discontinuities. This test reminds us that,
incorporating additional physical viscosity can really im-
prove the stability of LB models, but due to the feqi in
ref. [14] is based on a low-Mach-number Taylor expansion
of MDF, this approach cannot describe very high speed
flows because of the insufficient truncation in the DEDF
and the insufficient isotropy in the DVM. However, this
limitation is free in our model.
d) 2D RP: regular reflection and its nonequilibrium
characteristics.
It is well known that the reflection of oblique shock
waves over a horizontal plane results in two types of wave
configurations, regular reflection (RR) and Mach reflection
(MR). Studies of such shock reflections are of great im-
portance both fundamental research and engineering ap-
plications. For example, there exist strong shock wave
reflection and shock wave interaction phenomenon in hy-
personic aircraft, inertial confinement fusion, weapon det-
onation, etc. Moreover, it also plays an important role
in natural phenomena, such as Supernova explosions. Up
to date, how to describe and analyze the nonequilibrium
characteristics of such cases still remains a challenging is-
sue.
Here we simulate a RR process and study its nonequi-
librium effects via the present model. In this test, the in-
coming shock wave with Mach number 30 has an angle of
25◦ to the wall [14]. The computational domain is a rect-
angle of length 4.5 and height 1.5 divided into a 450× 150
rectangular grids. Other parameters are ∆t = 5 × 10−5,
τ = 2 × 10−5, b = 0.858738, c = 18.0 and η0 = 12.0. The
boundary conditions are composed of a reflecting surface
along the bottom boundary, supersonic outflow along the
p-4
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1
Fig. 5: (Color online) Density (upper) and velocity along the
x-direction (lower) contours of RR on a wall at t = 0.4. From
black to white, the corresponding values increase.
right boundary, and Dirichlet conditions on the left and
upper boundary, respectively,


(ρ, T, ux, uy)|0,y,t = (1.0, 1/3.329, 0.0, 0.0),
(ρ, T, ux, uy)|x,1.5,t = (1.84886, 40.0803, 27.5399,
− 5.27567).
Figure 5 gives the contours of density and velocity along
the x-direction at t = 0.4. The clear shock reflections on
the wall are accordant with the exact solution and results
obtained from refs. [13,14,16], so the model has the ability
to accurately capture the shock front.
Recently, we define an approach to quantitatively study
the departure of the system from its thermodynamic equi-
librium via LB method, i.e, we introduce
∆∗m = I
∗
m(fi)− I∗m(feqi ), (m = 4, 5, 6, 7) (11)
as a measure for the deviation of system from its ther-
modynamic equilibrium, where the subscript m indi-
cates the m-th moment, I∗m(fi) and I
∗
m(f
eq
i ) are cen-
tral moments calculate by fi and f
eq
i , respectively.
Specifically, ∆∗5,α = I
∗
5,α(fi) − I∗5,α(feqi ) =
∑
i(fi −
feqi )
[
(viβ − uβ)2 + η2i
]
(viα − uα). To exhibit the essen-
tial advantage of the LB method over traditional ones, we
focus on the nonequilibrium characteristics near the shock
wave.
Figure 6 illustrates the profiles of physical quantities
for RR along the line y = Ny/3 at t = 0.4. It is found
that, there are two shock waves (at about x = 215 and
381, respectively) along the horizontal line. Due to the
compression effects of shock waves, density, pressure, and
temperature increase sharply. Moreover, as a result of the
strong interactions between the incident shock wave and
the reflection shock wave, the second shock is considerably
stronger. Figure 7 presents the corresponding nonequi-
librium manifestations, deviations ∆∗m (m = 4, 5, 6, 7).
We mention that the nonequilibrium effects are only pro-
nounced around the shock wave interface. The deviation
∆∗4 associates with the variance of the distribution func-
tion. Its trace associates with the deviation of internal
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Fig. 6: (Color online) Profiles of physical quantities for RR
along the horizontal line y = Ny/3 at t = 0.4.
energy calculated from fi and f
eq
i , and its off-diagonal
components associate with the shear effects. From fig.
7, it is interesting to find that, at the center of the first
shock interface (CFSI), the system is nearly in its thermo-
dynamic equilibrium. At the two sides of the CFSI, the xx
and yy components of ∆∗4 deviates from the equilibrium
in opposite ways with the same deviation amplitude, but
behave qualitatively similar near the second shock wave
zone. The xy component of ∆∗4 also deviates from zero,
demonstrating the shear effects should be taken into ac-
count and the system is not in its dynamic equilibrium.
∆∗5 describes the thermodiffusion. At both the CFSI and
the center of the second shock interface, the x and y com-
ponents of∆∗5 nearly approach zero, and deviate from the
equilibrium in opposite directions at each center of the
shock zone. The second shock wave is much stronger than
the first one, as a result, the thermodiffusion effects are
more obvious near the first shock zone. Different from
∆∗4 and ∆
∗
5, most components of ∆
∗
6 and ∆
∗
7 arrive their
maxima at the middle of the shock wave interface.
Conclusions and remarks. – In this letter, we have
presented a general and simple platform for constructing
LB model for compressible flows with HMN and arbitrary
specific-heat ratio. The key technique of this new scheme
is to inversely calculate feq from the kinetic moment re-
lations that it satisfies. The approach is suitable for con-
structing LB models in any dimensions and the choosing
of DVM has a high degree of flexibility. By choosing ap-
propriate parameters controlling the sizes of DVM, the
stability of the model can be significantly enhanced. The
new scheme has been validated for a series of one- and
two-dimensional numerical benchmarks, always showing
satisfactory agreement with theoretical results and previ-
ous results. Some macroscopic behaviors of the system due
to deviating from thermodynamic equilibrium around the
shock wave interface are also studied. Through modifying
the BGK collision term according to the way in ref. [19],
the model is appropriate for simulating flows with flexible
Prandtl number.
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Appendix. Specific formulation of the inverse
matrix C−1. – C−1 = (C1, C2, · · · , C16)T , where Ci =
(ci1, ci2, · · · , ci16), and
C1 = (0, 0, 0, A, 0, G,H,N, 0,−N, 0, 0,−N, 0, T,−T );
C2 = (0, 0, 0, A, 0, H,G, 0, N, 0,−N,−N, 0, 0,−T, T );
C3 = (0, 0, 0, A, 0, G,H,−N, 0, N, 0, 0, N, 0, T,−T );
C4 = (0, 0, 0, A, 0, H,G, 0,−N, 0, N,N, 0, 0,−T, T );
C5 = (
2
3 ,
1
3c ,
1
3c , B, F, I, I,−N2 ,−N2 , P, P, N2 , N2 ,−S, S2 ,
S
2 );
C6 = (
2
3 ,− 13c , 13c , B,−F, I, I, N2 ,−N2 ,−P, P, N2 ,−N2 , S,
S
2 ,
S
2 ;
C7 = (
2
3 ,− 13c ,− 13c , B, F, I, I, N2 , N2 ,−P,−P,−N2 ,−N2 ,
−S, S2 , S2 );
C8 = (
2
3 ,
1
3c ,− 13c , B,−F, I, I,−N2 , N2 , P,−P,−N2 , N2 ,
S, S2 ,
S
2 );
C9 = (− 12 , 0, 0, D, 0, J,K,−N8 , 0, Q, 0, 0, R, 0, U, V );
C10 = (− 12 , 0, 0, D, 0,K, J, 0,−N8 , 0, Q,R, 0, 0, V, U);
C11 = (− 12 , 0, 0, D, 0, J,K, N8 , 0,−Q, 0, 0,−R, 0, U, V );
C12 = (− 12 , 0, 0, D, 0,K, J, 0, N8 , 0,−Q,−R, 0, 0, V, U);
C13 = (
1
12 ,− 124c ,− 124c , E,− F16 , L, L, N16 , N16 ,−P8 ,−P8 ,
−R2 ,−R2 , S4 , S4 , S4 );
C14 = (
1
12 ,
1
24c ,− 124c , E, F16 , L, L,−N16 , N16 , P8 ,−P8 ,−R2 ,
R
2 ,−S4 , S4 , S4 );
C15 = (
1
12 ,
1
24c ,
1
24c , E,− F16 , L, L,−N16 ,−N16 , P8 , P8 , R2 , R2 ,
S
4 ,
S
4 ,
S
4 );
C16 = (
1
12 ,− 124c , 124c , E, F16 , L, L, N16 ,−N16 ,−P8 , P8 , R2 ,
−R2 ,−S4 , S4 , S4 ),
with A = 1
4η2
0
, B =
−21c2−η2
0
48c2η2
0
, D =
7c2+η2
0
32c2η2
0
, E =
−3c2−η2
0
96c2η2
0
,
F = 13c2 , G =
3c2−5η2
0
4η2
0(η20−3c2)
, H =
3(c2+η20)
4η2
0(η20−3c2)
, I =
21c2−11η2
0
48c2η2
0
, J =
21c4−32c2η2
0
+11η4
0
32c2η2
0(η20−3c2)
, K =
21c4−36c2η2
0
+7η4
0
32c2η2
0(η20−3c2)
,
L =
3c2−5η2
0
96c2η2
0
, N = 1
2cη2
0
, P =
3c2−η2
0
12c3η2
0
, Q =
c2+η2
0
16c3η2
0
,
R =
c2−η2
0
16c3η2
0
, S = 124c4 , T =
1
4c2(η20−3c2)
, U =
c2−η2
0
32c4(η20−3c2)
,
V =
5c2−η2
0
32c4(η20−3c2)
.
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